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CHAPTER 6

APPLICATION OF DERIVATIVES

Points to remember:

Eate of change Whenever one quantity y varies with respect to another quantity x,

satisfying some rule y = f{x), then "J.—v (or I'(x)) represents the rate of change of y

with respect tox and £ ") or “;;:ﬂ x = x,, represents therate of change of ¥ with

respecttox atx = x,.

Increasing and decreasing functions:

Lot [ hean interval in the deommain of a real valoed fanction £ Then [ i sadd tobe

(i) Increasingon LLifx, <x,inl =sf{x,)= fix;) forall », x; €L

(i) stictly increasing on L if 2y <x5 Im [ = () < flxs) for all x, , x5 € L
{ili)y Decreasingon I ifxr, <x,inl=>f{r,)=l{xr,) forall xr, x, €L

{ivi Strictly decreasingon I, if x, < x, in I = f(x,) = fi{x,) for all x,, x- E 1.
i) Constamt on L, if fix) = ¢ for all x € |, where ¢ isa constant.

Dierivative test:

Let f be continmous on [a. b] and differentiable on (a,b), then

{a) f is imcrensing in [a k], if £ '(x) = 0 for each x € (a, h)

(h) fis decrensing in [a,b], if f'{ x) < 0 for each x € (a, h)

(e Fizsa constant fanction in [ab]if £ x) = 0 for each x € (a, )

Maximon and Minima:
Let f be a funchon defined on an interval 1. Then

(a) f iz said to have a maximum value in I, if there exists a point ¢ in I such that
f{c) > f(x), for all x € 1. The value f{c) 15 called the maxmuom valoe of £fin [ and the

point ¢ is called a point of maximom valoe of i L
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(L) [ s sald Lo have a munbmum valuein [ I (here exdsts a polut  dn I such tdeat
f(c)<f(x) forallx €1 The valuef (¢), In this case, is called the minimum value of f
in [ and the pomt ¢, in this case, 1s called a point of mmimum value of { in L

(¢) [ is said to have an extreme value in I if there existsa point ¢ in I such that f (¢) is
either a maximum value or a minimum value of fin [. The value f {c), n this case, is

called an extreme value of fin I and the point c is called an extreme point.

By a monotonic function f in an interval I, we mean that f is either increasing in I or
decreasing in 1.

Every continuous function on a closed interval has a maximum and a minimum

vahie.

Theorem: Let fbhea function defined on an open interval I. If f hasa local maxima
or a lecal minima at x = ¢, then either £ '(c¢) =0 or [ is not differ entiable at ¢ , where
ceL

Critical points: A point ¢ in the domain of a fanction f at which either f '(¢)=0 or
is not diffarentiable is called a critical point of £.

Theorem (First Derivative Test): Let f bea function defined on an epen interval 1.

Let f he continuous at a critical point ¢ in I, then

) IT I '( x) changes sign from positive to negative as x increases through c,
i.e.if f'(x)>0atevery point sufficently close to and to the left of ¢, and
f'(x) <0 at every point sufficiently close to and to the right of c, then cis
a point of local maxima.

(ii) Iff '(x) changes sign from negative to positive as x increases through ¢,
ie.if f'(x) <0 at every point sufficiently close to and to the left of ¢, and
f'(x) >0 at every point sufficiently close to and to theright of c, then cis
a point of local minima,

(i) Iff'(x) doesneot change sign as x increases through ¢, then c isneither a
point of local maxima nor a point of local minima. In fact, such a point is
called point of inflexion.
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I ¢ is a point of local maximea of {, then f(c) is a local madximeum valoe of £,
Simikarly, if ¢ is 2 point of local minima of [ then [(c) is a local mnimmimn valoe of 1.

Theorem (Second Derivative Test): Let f bea function defined on an interval 1
and ¢ € I. Letf betwice differentiable at ¢, then

(i) x= ¢ isa pomt of local maxima, i £ '(c) =0and f "(c) <0
The value f (c) is local maximum value of .
(i) X = ¢ 15 a point of local minima, if 1 (c) =0and f “(c) >~ 0.
In this case, f {t) i5 local minimum valee of T
(iii) The test fails, if f'(t) =0 and f "(c) =0,
In this ecase, we 2o back to the first derivative test and find whether cisa

point of local maxinaa, local minima or a poeint of inflexiom.

Theorem: Letfbhea continmons function om an mterval [ = [a, b]. Then f has the
absolute maximum value and f attains it at least oncein I Also, { has the absolute

minimurn value and attains it af least oncein [

Theorem: Letf bea differentianble fonction en a c¢losed interval I and let ¢ be any
mterior point of I. Then

{1} f'(c) =0, if f attainz its absolute maximum value at ¢.
(i) ') =10, if f attnins its absoluote minimuom value at c.




